Abstract. Let / be an ideal in a Noetherian local ring (R, m). It is shown that for n > 0 the reduction number rj(In) of /" with respect to a minimal reduction J is not only independent from the choice of J but also is stable. If / is an m-primary ideal, we give a criterion for the Rees algebra R[I" t] with n » 0 to be Cohen-Macaulay.
Introduction
Let (R, m) denote a local Noetherian ring with an infinite residue field R/m. If / is an ideal in R, recall that an ideal J C I is called a reduction of / if /"+> = //" for some nonnegative integer n . A reduction / is called a minimal reduction if it does not properly contain a reduction of /. These concepts were introduced and studied by Northcott and Rees [11] . If / is a minimal reduction of /, we define the reduction number of / with respect to J, denoted by rj(I), to be the least nonnegative integer n such that /"+1 = //". The reduction number of / is defined by r(I) = min{rj(I); J C I is a minimal reduction of The reduction number was introduced by Sally [14] in order to study CohenMacaulayness of the associated graded ring G(I) -@n>0In/In+1 of R with respect to /. For the usefulness of this notion see [3, 4, 6, 8-10, 15, 17, 19] . In general it is hard to calculate r(I). More recently, the question, due to Sally [15] , when is rj(I) independent from J, attained much attention. Some partial solutions of this problem were given in [8, 9, 17, 19] . The crucial point of Trung's approach in [19] is a relationship between the reduction number rj(I) and certain cohomologically defined invariants of G(I)-among them the Castelnuovo-Mumford regularity (see the inequalities (*)).
The main goal of this paper is to study the asymptotic property of rj(In). By combining Trung's approach and an idea of Herrmann, Ribbe, and Zarzuela (see [6, Proposition 2.6]) we get a surprising result (Theorem 2.1). This theorem states that for any ideal I of R the reduction number rj(I") is not only independent from J but also stable if n » 0. Moreover, we can compute the asymptotic value of rj(I"). As a byproduct we give a criterion for the Rees algebra R[Int] = R®Int®I2nt2®-• • of I" to be a Cohen-Macaulay (abbr. C-M) ring for n > 0, where / is an m-primary ideal (Theorem 3.1). Of course, we can apply a general Cohen-Macaulayness criterion of [10] to R[Int]; however, we must then calculate local cohomology modules of G(In) for each n . Our result is free from that and therefore is of interest.
The paper is divided into three sections. In §2 we give the proof of the main Theorem 2.1 and its consequences. Section 3 is devoted to Cohen-Macaulayness of R [Int] .
Finally I would like to thank the referee for some suggestions.
Reduction numbers
A Noetherian graded ring A = ©">0 An is called a (standard) graded Ralgebra if Aq = R and A is generated-by Ax over R. In this paper R will also be regarded as a graded .R-algebra concentrated in degree 0. [5] and plays an important role in the study of Gorenstein rings (see, e.g., [5, 6] ). The number regM = max{ai(M) + i; i £ Z} is called the Castelnuovo-Mumford regularity of M (see [2, 12] ). Now let I Cm be an arbitrary ideal of R. We shall also denote by G and G' the associated graded rings G(I) and G(In), respectively. Set s -s(I) = dimCr(7) ® R/m the analytic spread of I [11] . It is well known that s(I) is equal to the minimum number of generators of every minimal reduction of /. Let / be a minimal reduction of /. Then we get from [19, Proposition 3.2] the following relationship between rj(I) and a,(c7(/)): (*) as(G(I)) + s<rj(I)<regG(I). Our aim in this section is to prove the following main result. Now the theorem follows from (*).
Example 2.5. Let (R, m) be a d-dimensional generalized C-M ring, i.e., a ring with l(Hlm(R)) < oo for all i < d (see, e.g., [18] ). Let xx,...,xd be a standard system of parameters of R, i.e., a system of parameters satisfying (xx, ..., xd)Hlm(R/(xx, ... , Xj)R) = 0 for all i, ;' with i + j<d (see, e.g., [1, 18] An ideal / with r(I) < 1 deserves special interest. It is related to various notions of stable ideals (see, e.g., [13, 16] [7] is not equal but one greater than the maximal degree of the homogeneous socle elements of A/(ax, ... , ad)A, where ax, ... , ad is a system of parameters of 1-forms).
Indeed, in this case C7(m) = A is a C-M ring. Hence, by Corollary 3.2, one has only to show that ad(G) < 0 if and only if dg < n-1. But this is immediate from the relation n = d + g and from the following result of Eisenbud and Goto [2] : dg -g = regA = regfJ = ad + d (since G is C-M).
Next we give a sharpening of a result of Goto and Shimoda [4] . Proof. By [10, Lemma 4.1] R is a generalized C-M ring. Hence R is a locally C-M ring, i.e., Rp is C-M for all p ^ m; therefore, it suffices to show that depths > 2. Since R[mnt] is C-M, it is known that depth/? > 0 (see, e.g., [10, Corollary 3.4] ). Let (ax,... , ad)R be a minimal reduction of m. ax,... , ad forms, of course, a system of parameters of R. Then ax is a nonzero divisor of R (see, e.g., [3, Lemma 2.4] ). Assume that a2x = axy for some x, y £ m. Analyzing the proof of Lemma 2.7 we get that (al, ... , ad)R is a minimal reduction of m" . Hence the sequence ax,a2-a"t, ... ,ad -ad_xt, a^t is a system of parameters of R[m"t]. Since x, y £ m, we have x(a2 -af t) = ax (y -a1~lxt) £ axR [mnt] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use From Cohen-Macaulayness of R[m"t] it then follows that x £ axR. This means ax, a2 is a regular sequence of R, as required.
Finally we will derive some consequences for the case of 2-dimensional local rings. 
